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Abstract

Given the increasing number of missions that utilize
Halo orbits, it is very likely that in the future there
will be missions that use multiple spacecraft. With
that idea in mind, this work considers the optimiza-
tion of rendezvous trajectories for spacecraft starting
on different Z-amplitude Halo orbits. An optimal con-
trol problem is derived that fixes the time-of-flight for
the rendezvous trajectory, but allows the initial epoch
to be free. The rendezvous trajectories are achieved
using a finite burn, variable-specific-impulse engine
where the thrust is varied according to a control law
derived from optimal control theory. Several numeri-
cal examples are given to show the effects of various
independent parameters, including time-of-flight, rel-
ative phasing of the two spacecraft, and the relative
Z-amplitude of the Halo orbits.

1 Introduction

The problem of spacecraft rendezvous is well under-
stood within the realm of two-body dynamics. How-
ever, the nature of the relative dynamics for two space-
craft is significantly different in the Circular Restricted
Three Body Problem (CRTBP). Within two-body dy-
namics, orbits that are significantly different in size
(semi-major axis) will have significantly different or-
bital periods, leading to a secular change in the rela-
tive phasing of the two spacecraft. Furthermore, the
relative velocity of the two spacecraft will vary sig-
nificantly, especially if the shape (eccentricity) of the
orbits is different. These statements do not apply to
Halo orbits of differing size (Z-amplitude). Increasing
the Z-amplitude of Halo orbits does not significantly
affect the period. For example, the sample halo orbits
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shown in Fig. 1 both have an orbital period of approx-
imately 180 days, and their synodic period is approx-
imately 176 years. This indicates that while there is
a secular change in the relative phasing of the space-
craft, it is much smaller, operating on the time scale
of centuries, rather than weeks. Furthermore, the rel-
ative velocities experienced by the two spacecraft are
significantly smaller. Whereas in two-body dynamics,
relative velocities can be as high as kilometers per sec-
ond, in the CRTBP, relative velocities are on the order
of tens of meters per second. These differences in the
relative periods, phasing, and velocities, significantly
alters the nature of the rendezvous problem within the
confines of the CRTBP.

In this study, the problem considered is that of opti-
mizing the rendezvous of two spacecraft, each starting
on Halo orbits of differing Z-amplitudes (or relative
Z-amplitude) using a variable-specific-impulse (VSI)
finite burn engine. The chaser spacecraft has a mass
of 5000 kg, a maximum engine power of 500 W, and
the propellant mass is specified to be 25% of the space-
craft mass. The solutions are generated by giving each
spacecraft (target and chaser) an initial state at a ref-
erence epoch. The time-of-flight for the rendezvous
trajectory is specified, and the initial epoch of the ren-
dezvous trajectory is allowed to be free. The time of
the actual rendezvous is then the initial epoch plus the
time-of-flight. The controls to be optimized are the
thrust direction, thrust magnitude, and power for the
chaser spacecraft. The target spacecraft is assumed to
be nominally coasting along its prescribed Halo orbit.
Many different solutions were generated in an effort
to analyze the effects of different independent param-
eters. The independent parameters considered in this
work are: time-of-flight (TOF), relative Z-amplitude
(∆Zamp) of the Halo orbits, and relative phasing (∆φ)
of the target and chaser spacecraft.

There have been some previous works that are sim-
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ilar to the analysis presented here. Senet, et al.[7],
applied the same optimal control theory methodology
to the problem of minimum time transfers from low
Earth orbit to the invariant manifold of a Halo orbit
using a VSI engine. Other works have considered the
problem of optimizing transfers between Halo orbits
through impulsive means, both in the CRTBP and in
the Elliptic Restricted Three Body Problem. However,
these works, by Hiday-Johnston, et al.[8, 9] and Simó,
et al.[10] do not model a finite burn engine, and do not
account for the timing constraints associated with the
attempted rendezvous with another spacecraft.

The layout of the document is as follows. Section 2
discusses the dynamical model used in this analysis,
how the Halo orbits were obtained, and the nature
of the Halo orbits considered. Section 3 defines the
optimal control problem and derives the transversality
conditions associated with this problem. Section 4
contrasts two typical solutions in detail and also ex-
amines the trends associated with some independent
parameters of the problem, such as time-of-flight,
relative phasing of the two spacecraft, and relative
Z-amplitude of the Halo orbits. Finally, in Section 5
some conclusions are made, and possible avenues of
future study are identified.

2 Dynamical Model

2.1 Circular Restricted Three Body

Equations

The dynamical model used in this study is that of
the Circular Restricted Three Body Problem [1], with
the Sun as one primary, and the Earth/Moon barycen-
ter as the other. The Earth/Moon barycenter is as-
sumed to orbit the Sun in a circular orbit. This sys-
tem is normalized in mass, distance, and time, so that
Newton’s constant, G, is equal to unity. The equa-
tions for the normalization of the system are given in
Eq. (1).

1 MU = MS + ME + MM

1 DU = RS − RE/M .
1 TU = 2π

(1)

The CRTBP is a well known dynamical model whose
equations of motion [1] are [ẍ = gx, ÿ = gy, z̈ = gz]
where
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where r1 and r2 are given by

r1 =
√

(x + µ)2 + y2 + z2 (3)

r2 =
√

(x − 1 + µ)2 + y2 + z2 (4)

and µ is defined to be

µ =
ME + MM

MS + ME + MM
. (5)

2.2 Determination of Halo Orbits

To obtain Halo orbits within the CRTBP, a common
shooting method was applied [6]. Given an initial per-
pendicular crossing of the X-Z plane, the X coordinate,
Y velocity and half the period are varied to achieve a
second perpendicular crossing of the X-Z plane half an
orbit later. The initial and final states are given below
in Eq. (6)
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, (6)

where zs is the specified Z-amplitude of the desired
Halo orbit and the final state, Xf , is evaluated at at
t = guess(3).

This method generates Halo orbits such as those
seen in Fig. 1. The two Halo orbits shown repre-

1.495
1.5

1.505
1.51

1.515

x 10
8

−1
−0.5

0
0.5

1

x 10
6

−4

−3

−2

−1

0

1

2

3

4

5

x 10
5

X [km]Y [km]

Z
 [k

m
]

Earth 

L2 

Largest Orbit
Z

amp
= 5.0×105 km 

Smallest Orbit
Z

amp
= 2.5×105 km 

Figure 1: 2.5 × 105 and 5.0 × 105 km Halo Orbits

sent the largest and smallest Halo orbits considered
in this work. The small Halo has a Z-amplitude of
2.5× 105 km and a period of 180.0774 days, while the
large Halo has a Z-amplitude of 5.0 × 105 km and a
period of 179.5751 days. The synodic period of these
two orbits was found to be 176.38 years. The value
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of the Jacobi constant for the small Halo is 3.000809
and for the large Halo its value is 3.000761. Also, an
additional product of the similar orbital periods is the
fact that the orbital angular velocities are also very
similar. Table 1 details these characteristics for all the
Halo orbits considered in this analysis.

Table 1: Halo Orbit Characteristics
Z-amp. Period Ang. Vel. Jacobi
[km] [days] [◦/day] Constant

2.5 × 105 180.0774 1.999140 3.000809
3.0 × 105 180.0065 1.999927 3.000801
3.5 × 105 179.9215 2.000872 3.000793
4.0 × 105 179.8218 2.001981 3.000784
4.5 × 105 179.7067 2.003264 3.000773
5.0 × 105 179.5751 2.004732 3.000761

3 Optimal Control Problem

3.1 State Equations and Spacecraft

Controls

To set up the optimization problem, first the state
and state dynamics must be defined:

X =




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 (7)

and
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where g is the dynamical system defined by Eq. (2), T
is the thrust magnitude, P is the engine power, and u
is the thrust direction unit vector. The control vector
for the system is defined to be

uc =





u
T
P



 . (9)

When using a VSI engine, the thrust magnitude,
thrust direction, and power are subject to the follow-
ing constraints [7]

|u| = 1 (10)

0 ≤ P ≤ Pmax (11)

T =
2P

c
(12)

where c is defined by

c = Isp · g0 (13)

and Isp is the specific impulse of the engine and g0 =
9.81 m/s.

3.2 Cost Function and Optimal Con-

trols

The performance index of the problem, J , is of the
Mayer form and is defined to be

max J = mf . (14)

With the inclusion of the boundary conditions and the
problem Hamiltonian, the augmented performance in-
dex, J ′, then becomes

max J ′ = G +

∫ tf

t0

[H − λTẊ] dt, (15)

where λ is a vector of co-states for the system, H is the
problem Hamiltonian, and G is the end-point, or Bolza
function. The Bolza function is the original perfor-
mance index (Eq. (14)) with the boundary conditions
of the problem adjoined using Lagrange multipliers, as
shown below

G = mf + νT

0ψ0 + νT

fψf , (16)

where

ψ0 =

[

r0 − rC(t0)
v0 − vC(t0)

]

= 0 (17)

and

ψf =

[

rf − rT (tf )
vf − vT (tf )

]

= 0. (18)

In Eqs. (17) and (18), the subscripts C and T indicate
the chaser and target spacecraft, respectively. The
problem Hamiltonian is defined to be

H = λTf

= λ
T

r v + λT

v

[

g(r,v) +
T

m
u

]

− λm
T 2

2P
. (19)

The augmented performance index (Eq. (15)) is then
subject to the well known Euler-Lagrange conditions
for optimality [4], which give the following relation-
ships

Ẋ = f

∂H

∂uc

= 0

−λ̇ =

(

∂H

∂X

)T

. (20)
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Based on the final relationship in Eq. (20), the co-

states of the system, given by λ = [λr,λv, λm]
T
, are

also subject to their own equations of motion. These
are given by
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(

∂H

∂X

)T

=

















−λT

v

(

∂g

∂r

)

−λr − λ
T

v

(

∂g

∂v

)

λT

v u

(

T

m2

)

















. (21)

Taking the derivative of the Hamiltonian with respect
to the control vector uc maximizes the Hamiltonian,
and yields the optimal controls for the rendezvous tra-
jectories [2, 3]. The derivatives of the Hamiltonian
with respect to u and T yield

u =
λv

λv

T =
λvPmax

λmm

(22)

Using the first relationship in Eq. (22), the derivative
of the mass co-state can be rewritten as

λ̇m = λv
T

m2
. (23)

and the Hamiltonian can be rewritten as

H = λT

r v + λT

v g(r,v) + S · T (24)

where the Switching Function, S, is defined to be

S =
λv

m
−

T

2P
λm. (25)

The derivative of the Hamiltonian with respect to
P indicates that when the mass co-state (λm) is
positive, P = Pmax, and since λm will have a positive
initial value (See Section 3.4) and its derivative is
positive (Eq. (23)), the spacecraft will always operate
at maximum power. Finally, since the spacecraft will
always be at maximum power and the thrust must
always be positive, this indicates that the Switching
Function (Eq. (25)) will always be positive.

3.3 Transversality Conditions

Now the transversality conditions at the boundaries
must be considered. When using a VSI engine, the
time-free problem when t0 and tf are both free, is
not possible due to the nature of the VSI engine[7].
In the time-free formulation, thrust, t0, and tf can
all be varied, and this makes it possible to drive the

solution to a nearly infinite time-of-flight and an in-
finitesimal thrust. To avoid this situation, some form
of constraint must be placed on the time-of-flight. For
this analysis, the time-of-flight was specified, and t0
was allowed to be free, e.g.

tf = t0 + TOFs. (26)

Based on the first differential of the augmented
performance index, the following relationships define
the transversality conditions for the free initial time
problem with a fixed time-of-flight

−
∂G

∂X0
= λ0 (27)

∂G

∂Xf
= λf (28)

∂G

∂t0
+

∂G

∂tf
= H|t0 − H|tf

. (29)

However, provided the gravitational force, g, is not a
function of time, the First Integral exists, and there-
fore the Hamiltonian remains constant [4]. Within the
CRTBP, the First Integral does exist (Ḣ = 0), so the
following equality applies

H|t0 = H|tf
(30)

and Eq. (29) can be rewritten as
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∂t0
= −
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. (31)

The partial derivatives in Eqs. (27) and (28) are shown
below
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This information can then be combined with the
derivatives of the Bolza function with respect to the
initial and final times, shown below

∂G

∂t0
= νT

r0
vC0

+ νT

v0
gC0

(34)

∂G

∂tf
= νT

r0
vTf

+ νT

vf
gTf

(35)

where the subscripts C0/T0 and Cf/Tf represent the
chaser/target spacecraft at the initial and final times,

4



b

n

a

b

Thrust

Direction

v

Figure 2: Thrust Direction in Vehicle-Centered Frame

respectively. The combinations of Eq. (32) with Eq.
(34) and Eq. (33) with Eq. (35) means that Eq. (31)
can be rewritten as

λT

r0
v0 + λT

v0
g0 = λT

r0
vf + λT

vf
gf (36)

and this can be used as the required transversality
condition for the optimal control problem. However,
since each side of Eq. (36) is equal to the Hamiltonian
without the product of the Switching Function times
the thrust, an equivalent condition is

S0 · T0 = Sf · Tf . (37)

Either Eq. (36) or Eq. (37) can be used in the bound-
ary value problem that will be defined in Section 3.5.
The condition that will be used in this analysis is Eq.
(37).

3.4 Adjoint Control Transformation

To combat the difficulty of guessing the initial co-
states, the Adjoint Control Transformation (ACT) was
developed by Dixon, et al. [5]. The transformation
relates the initial co-states to the thrust direction, as
described by two spherical angles in a vehicle centered
frame. In this analysis, consider a velocity reference
frame with the unit vectors of this frame defined as

v̂ ≡
v

v
b̂ ≡ n̂ × v̂ n̂ ≡

r × v

|r × v|
. (38)

Within this frame, the thrust direction and its deriva-
tive are determined from two spherical angles, α and
β, and their derivatives. A graphical representation is
shown in Fig. 2. The equation for the thrust direction

in terms of the spherical angles is

ûvbn =





cos(α) · cos(β)
sin(α) · cos(β)

sin(β)



 (39)

and its derivative is

˙̂uvbn =





−α̇ sin(α) · cos(β) − β̇ cos(α) · sin(β)

α̇ cos(α) · cos(β) − β̇ sin(α) · sin(β)

β̇ cos(β)



 .

(40)
However, to properly obtain the co-states, the thrust
direction is needed in the frame in which the vehicle
is integrated. This requires a rotation matrix, defined
to be

R =





x̂ · v̂ x̂ · b̂ x̂ · n̂

ŷ · v̂ ŷ · b̂ ŷ · n̂

ẑ · v̂ ẑ · b̂ ẑ · n̂



 (41)

and it is used below

ûxyz = Rûvbn. (42)

Rotating ˙̂u is also achieved through a similar transfor-
mation.

˙̂uxyz = Ṙûvbn + R ˙̂uvbn. (43)

By re-arranging the definition of the primer vector
(Eq. (22)) the following equation is obtained:

λv = λvûxyz. (44)

Then, by taking the derivative of Eq. (44), the follow-
ing is obtained

λ̇v = λ̇vûxyz + λv
˙̂uxyz. (45)

This equation can then be combined with the equation
of motion for λr in Eq. (21) to obtain the equation
for the initial values of λr, which is

λr = −λ̇vûxyz − λv
˙̂uxyz. (46)

Using Eqs. (46) and (44), the initial values of the co-
states can be determined from the spherical angles of
the primer vector in the vehicle-centered frame.

This process assumes the initial mass co-state (λm)
to be unity and removes the constraint on the final
mass co-state. As found in Eq. (33), the final mass
co-state is unity, and from Eq. (23), its derivative is
always positive, so the final value will be greater than
one. Setting the initial mass co-state to unity simply
scales the mass multiplier by its final value. Since the
optimization problem considered is

max J = mf , (47)

the ACT rescales the problem as such

max J = K · mf , (48)

where K is some positive arbitrary constant.
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3.5 The Boundary Value Problem

Based on the development of the previous sec-
tions, the boundary value problem can now be formed.
The FORTRAN non-linear equation solving package,
NS11AD, provided from the archive of the Harwell
Subroutine Library [11], was used to solve the bound-
ary value problem. The NS11AD uses a combination of
Newton’s method and steepest descent, and estimates
the Jacobian matrix based on numerical derivatives.
The vector of initial guesses for the boundary value
problem is given below

Zg =





















α0

β0

α̇0

β̇0

λv0

λ̇v0

t0





















(7x1)

. (49)

Next, the vector of constraints for the problem is pro-
vided. When these constraint functions are evaluated
to be less than a specified convergence tolerance, the
solution is deemed to be optimal.

Zc =





rf − rTf

vf − vTf

S0 · T0 − Sf · Tf





(7x1)

. (50)

4 Numerical Examples

In this section, numerical results of this analysis
are presented. First, the boundary value problem is
validated numerically by comparing time-fixed solu-
tions to the free initial time solutions. Secondly, two
example solutions are contrasted, with the prescribed
TOF being 70 and 90 days. These examples represent
the two types of optimal solutions obtained in this
analysis. Finally, results are presented that indicate
the behavior of the solution space when independent
parameters are varied.

4.1 Validation of Boundary Value

Problem

Before the results are presented, the validation of
the transversality conditions should be considered. To
characterize the behavior of the boundary value prob-
lem, the free initial time solution was compared to a
series of time-fixed solutions, all having the same speci-
fied TOF. The optimal free initial time solution should
correspond to a local minimum in the series of time
fixed solutions. For a time fixed solution using a VSI

engine, there are no transversality conditions at the
initial or final times, therefore the chaser spacecraft
must simply match the target’s position and velocity
at the final time.
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Figure 3: Validation of the Free Initial Time Solutions

Fig. 3 shows the propellant consumption for a se-
ries of time fixed solutions using two different values
for time-of-flight. The two values for TOF are 70 and
120 days. The series of solutions has initial times in the
range of 0 to 180 days, or roughly one orbit. Since the
change in the relative phasing is very small, the pat-
tern of propellant consumption should remain roughly
constant for several orbits. It can be seen that both
sets of solutions have two local minima. For each time-
of-flight, a free initial time solution was also calculated,
and these solutions are indicated by the red asterisks.
It can be seen that the free initial time solutions are
located at the local minima. This indicates that the
transversality conditions were derived properly, and
the boundary value problem is behaving as it should.

4.2 Seventy & Ninety Day Time-of-

Flight Cases

In order to contrast the two basic types of solutions
obtained in this analysis, two solutions with TOF = 70
and TOF = 90 days are considered. It was found that
with a TOF of less than about 83 days, the optimal
solutions occurred near the maximum -Y excursion of
the Halo orbits. For solutions with a TOF of greater
than 83 days, the optimal solutions occurred near the
maximum -Z excursion.

In Figs. 4-6, the plots in the left column corre-
spond to the 70 day time-of-flight case and the right
hand column is the 90 day time-of-flight. The optimal
rendezvous trajectories for these two cases are shown

6



−1−0.8−0.6−0.4−0.200.20.40.60.81

x 10
6

−4

−3

−2

−1

0

1

2

3

4

5
x 10

5

Y [km]

Z
 [k

m
]

L2 

t
0
 

t
f
 

Thrust magnitude
and direction   

Initial Orbit 

Final Orbit 

∆φ = 0° 

∆Z
amp

 = 2.5×105 km 
TOF=70 days 

−1−0.8−0.6−0.4−0.200.20.40.60.81

x 10
6

−4

−3

−2

−1

0

1

2

3

4

5
x 10

5

Y [km]

Z
 [k

m
]

L2 

t
0
 t

f
 Thrust magnitude

and direction   

Initial Orbit 

Final Orbit 

∆Z
amp

 = 2.5×105 km 

∆φ = 0° 
TOF=90 days 

Figure 4: Optimal Seventy & Ninety Day Trajectories
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Figure 5: Optimal Engine Performance for Seventy & Ninety Day Trajectories
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Figure 6: Parameters of the Optimization Problem for Seventy & Ninety Day Trajectories

in Fig. 4. The view of the plots is along the Sun-
Earth/Moon line, looking out towards L2. The red
arrows indicate the magnitude and direction of the
thrust over the course of the trajectories. It can be
seen that these two trajectories illustrate the differ-
ences in location of the two different types of solutions

obtained in this analysis.
Additionally, it can be seen from the plots in Fig. 5

that the performance of the VSI engine in each case
is considerably different as well. The engine perfor-
mance of the 70 day solution is nearly constant, with
both the thrust and specific impulse only varying by
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approximately 10%. On the other hand, the 90 day
solution exhibits what is nearly a thrust-coast-thrust
structure. Near the midpoint of the trajectory, the
thrust is reduced by nearly 70% and the specific im-
pulse increases by nearly 200%. It can also be seen
that the propellant cost in the 90 day case is less than
that in the 70 day case.

Finally, the transversiality conditions of the problem
must be considered. Eq. (50) stated that the product
of the Switching Function and Thrust should be equal
at the initial and final times. Also, Eq. (30), which
states the Hamiltonian is constant, was used to obtain
this condition on the Switching Function, so therefore
both conditions must be satisfied numerically to have
a valid solution. From the plots in Fig. 6, it can be
seen that both these requirements are met for both the
70 and 90 day solutions.

4.3 Analysis of Independent Parame-

ters

Now that the characteristics of two example opti-
mal solutions have been examined, the characteristics
of the solution space will be considered. There are sev-
eral independent parameters that can be used to char-
acterize the solution space. The parameters considered
in this analysis are TOF, ∆φ, and finally ∆Zamp of the
Halo orbits.

First, consider the effect of the rendezvous trajec-
tory time-of-flight. Section 4.2 showed that there are
two distinct types of optimal solutions at different
values of TOF. To avoid comparing the two differ-
ent types of solutions here, time fixed cases were run.
With ∆Zamp fixed, and the relative phasing angle at
∆φ = 0◦, several cases were run, varying the TOF by
10 days, with values in the range of 30 to 120 days.
The results are shown below in Fig. 7, and they are
of the from that one would expect. The cost of the
rendezvous is shown both in propellant cost as well
as ∆V. The shorter the time-of-flight, the greater the
propellant (or ∆V) cost. It can also be seen that there
is a point of diminishing returns where significant in-
creases in the time-of-flight do not save much in terms
of propellant or ∆V.

Next consider the effect of the relative phasing of the
two spacecraft. For a given time-of-flight and relative
Z-amplitude separation, in this case TOF = 120 days
and ∆Zamp = 2.5×105 km, several cases were run with
the relative phasing angle ranging from ∆φ = −55◦

to 55◦. A negative phasing angle indicates that the
chaser spacecraft is trailing the target spacecraft, and
a positive angle indicates the chaser is leading the tar-
get. Fig. 8 shows both the optimal propellant con-
sumption and ∆V for the various relative phasing an-
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Figure 7: Propellant & ∆V Cost vs. Time-of-Flight

gles. For this case, the optimal phasing is right around
∆φ = 1◦, which makes sense when considering the rel-
ative periods of the two Halos. As stated previously,
the synodic period of these two Halos is 176.38 years,
which indicates the change in the relative phasing is
about 1◦ per orbit. Since the target spacecraft on the
5.0 × 105 km Halo orbit has a slightly shorter period,
it will advance ahead of the chaser spacecraft at about
1◦ per orbit. Therefore, the optimal occurs when the
chaser spacecraft is leading in terms of phase angle, by
an amount roughly equal to the rate of advance of the
target.
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Figure 8: Propellant & ∆V Cost vs. Relative Phasing
Angle

Additionally, it can be seen that at a relative phase
angle of ∆φ = ±55◦, the propellant consumption rises
to a value that is roughly triple the value at the op-
timal relative phase angle. This is due to the chaser
spacecraft either catching up to the target, or allowing
the target to make up the difference. The two plots
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Figure 9: Trajectories Showing Compensation for Differences in Relative Phase Angle

in Fig. 9 illustrate how this is done. The plot on the
left shows how the chaser spacecraft goes within the
initial Halo orbit to catch up to the target when the
chaser is lagging behind in phase angle. The plot on
the right shows how the chaser moves out beyond the
target’s orbit to allow the target spacecraft to catch
up. Since all the orbits have very similar orbital an-
gular velocities (see Table 1), it will be impossible to
use an intermediate orbit to compensate for phase an-
gle differences, similar to the use of a phasing loop for
lunar trajectories.

To consider the effect of ∆Zamp on the propellant
consumption, a series of free initial time solutions
was generated for trajectories between the Halo or-
bits listed in Table 1. The results of this analysis are
shown in Fig. 10. It can be seen that there is almost
a linear relationship between the relative Z-amplitude
and the ∆V cost. This proportionality is in agreement
with the results presented by Simó et al. [10].

5 Conclusions

There are some distinct differences in the rendezvous
problem when switching from the two-body dynami-
cal system to the CRTBP. The relative nature of the
chaser and target spacecraft orbits represents several
of those differences. The large synodic period of Halo
orbits of differing Z-amplitudes leads to windows that
last for years in which rendezvous trajectories are pos-
sible. Also, the small relative velocities of the orbits
allows for a large range of relative phasings for the
two spacecraft. The small relative velocities can also
make it possible for the chaser spacecraft to have a
nearly constant thrust profile over the course of the
rendezvous trajectory.
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Figure 10: Propellant & ∆V Cost vs. Relative Z-
amplitude

There are several conclusions that have been made
based on this analysis, and they are listed below.

• When using a VSI engine, there are many possible
rendezvous trajectories between Halo orbits.

• Rendezvous trajectories are possible for a wide
range of relative phasings, with a relative phasing
of about 1◦ being the optimal phasing for the cases
studied.

• Due to the similiar orbital angular velocities, it is
not possible to use an intermediate oribt to correct
relative phase differences between spacecraft.

• There is a nearly linear relationship between rel-
ative Z-amplitude and ∆V cost.

• In both types of solutions, as the time-of-flight
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increases, change in the optimal thrust profile de-
creases until it is nearly constant.

Based on the results of the analysis presented here, the
following future avenues of study will be considered.

• Analysis of the rendezvous problem using a
constant-specific-impulse (CSI) engine where
thrust magnitude is no longer a control to be op-
timized.

• Perform a higher fidelity analysis using an
ephemeris based system.
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