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The “cones method” is an analytical algorithm to combine a pair of separate 
angle observations into a common vector.  Two new algorithms have been developed 
to determine optimum “cones method” solutions when more than two observation 
angles and estimates of their measurement uncertainties are available.  The 
polycones algorithm consists of determining a simple weighted average of the 
solution vectors over all possible pairs of measurements with the weights 
determined from the measurement uncertainty.  The Fuzzycones method finds the 
vector of maximum probability consistent with the measurements and their 
uncertainties.  Both of these methods have been implemented and tested by 
comparison with simulations of a coarse Sun sensor and attitudes determined for a 
simulated spinning spacecraft.  Compared to the cones method, both algorithms 
reduce angle errors somewhat for simulated Sun sensors.  For the simulated space-
craft, attitude determination with Fuzzycones gives results almost identical to those 
for the cones method while Polycones gives significantly worse results with the 
current weighting method. 

I.   Nomenclature 
q Elevation angle of an arbitrary point on the surface of a unit sphere (-p/2 to p/2) 
f  Azimuth angle of an arbitrary point on the surface of a unit sphere (0 to 2p) 
Qi Elevation angle of normal to ith detector 
F i Azimuth angle of normal to ith detector 
I i Normalized current detected by the ith detector, defined so that when the angle to the Sun is 0, 

the detector current is 1. 
r i Measured Sun angle from the ith detector, r i = cos-1(Ii). The measured Sun is r i from the point 

(Qi,F i) 
s i Uncertainty of a measurement from the ith detector 
Pi(f ,q) The probability that the Sun is at the coordinates (f ,q) based on the measurement from the ith 

detector.  This value is calculated using F i, Qi, r i, and s i   
P(f ,q) The total probability that the Sun is at the coordinates (f ,q) based on the measurement from the 

all detectors. 
Ni Normalization factor for the ith detector probability function, Pi 
N Normalization factor for the overall probability function, P 
Gij The angle between the points (f i,qi) and (f j,qj)  
Gi(f ,q) The angle between the normal to the ith detector (F i,Qi) and a point (f ,q) 
Uij, Vij Directions of the two intersections of cones centered at (F i,Qi) and (F j,Qj) with angular radii of 

r i and r j.  Uij  and Vij represent points on the unit sphere 
wij Weight given the intersections of cones centered at (F i,Qi) and (F j,Qj) 
s ij Assumed uncertainty of the intersections of the cones centered at (F i,Qi) and (F j,Qj) with 

measurement uncertainties of s i and s j  
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I.   INTRODUCTION 
The “cones method” is a simple technique for determining a vector direction based on measured 

angles between a common desired vector and at least two separate reference vectors (Ref. 1).  The cones 
method is illustrated in Fig. 1.  It computes the intersections of two cones with known central axes and 
measured angles from the central axes.  In general, there are two such intersections and the correct one is 
determined with the use of additional data (often a third axis and angle). 

For spacecraft attitude determination and analysis, the cones method is most commonly used in the 
following computations: 

Determining the body frame Sun direction from 
measurements from two or more “cosine law” Sun 
detectors:  In this case, individual detectors 
measure angles between the detectors’ normals and 
the Sun direction in the body frame.  Two or more 
such angles, from detectors with non-parallel 
normals, can be used to compute the Sun direction 
in the body frame. 

Determining the inertial frame orientation of a 
satellite spin axis using the angles from two or 
more known reference objects (Sun, stars, Earth, 
etc.):  In this case, sensors measure the angle be-
tween the unknown spacecraft spin-axis and the 
reference objects.  From the knowledge of the di-
rection of the reference objects in an inertial frame 
and the measured angles, the direction of the spin-
axis in the inertial frame can be computed. 

This paper describes two methods that are 
intended to find improved solutions for the desired 
vector when more than two angles and axes are 
available and where the uncertainties of the angle 
measurements are known.  The Polycones method is 
a quick, ad hoc method that combines individual 
cones solutions.  The Fuzzycones method computes 
the direction of the most probable intersection 
vector.  An example of each method was used to test 
the algorithms. 

There exists some previous description of the 
error distribution of solution vectors obtained from 
the cones-method solution using cones with known 
uncertainties (Ref. 2), but there has been little 
analysis of the optimum solution if more than two 
measurements are available.  For two measurements 
with differing uncertainties, the uncertainty of a 
solution as a function of its position on the surface 
of a unit sphere is neither simple nor isotropic.  This 
uncertainty is illustrated in Fig. 2. [Note: In this and 
subsequent figures, the three-dimensional surface of 
a unit sphere is represented as a two-dimensional 
surface.  Distortions due to this projection are removed from the figures.  These figures are meant for 
illustrative purposes only.] 
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Figure 1.  Illustration of Cones Method With 
Measured Angles rrrr 1 and rrrr 2 About 2 Axes 
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Figure 2.  Illustration of Uncertainty Region of 
Two Intersecting Cones With Different 
Uncertainties 
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Section II of this paper describes the two new methods.  Section III describes the simulations used to 
test them.  Section IV contains the results of these simulations and a discussion of the significance of the 
results and conclusions. 

II.   METHODS 
The cones method generally produces two possible solution vectors for a pair of measurements.  The 

two solution vectors obtained using independent angle measurements (r i and r j) from sensors with non-

parallel axes, are designated ijÛ  and ijV̂ , where the correct solution is designated ijV̂ .  Identifying the 

correct solution requires additional information (such as a third measurement or a priori knowledge) and 
is not discussed here.  The cases with no solutions (non-intersecting cones), one solution (tangent cones) 
or an infinite number of solutions (identical cones) also will not be discussed here. 

If n measurements are available, a total of n(n-1) solutions can be found: 2 for each possible pair.  
When n>2, the identification of the correct solution for each pair is usually simplified because the correct 
solutions will be near each other, while the incorrect ones will not, so the correct solutions will form a 
cluster on the surface of the unit sphere. 

The problem addressed by both polycones and fuzzycones is determination of the optimal vector that 
is consistent with more than two measurements with known uncertainties.  The individual measurements 
(r i ) are angles from known directions (with elevation Qi and azimuth F i).  Each measurement 
uncertainty (s i) is also assumed to be known. 

A. Polycones 
The polycones method applies measurement uncertainty to the cones method in a simple, ad hoc way.  

If the uncertainty of the i th measurement is designated as s i, the uncertainty of the solution ijV̂  of the two-

cones solution is approximated as the geometric mean: 

 jiij sss =  (1) 

No directional characteristics are attributed to the measurement uncertainty. Geometrically, s ij  is 
approximately the square root of the area of the overlap region of two cones meeting perpendicularly (e.g. 
with correlation angle† of 90 deg).  This choice of s ij  is consistent with the simplest error expression in 
Reference 3 (Eq. 11-15 in Ref. 3), which represents the uncertainty as the radius of the circle that has the 
same area as the overlap region. 

The cones solutions for all pairs of angle measurements are combined as a weighted average with the 
weights given by: 
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† The correlation angle is defined in Ref. 1 as the acute angle between the great circles connecting each 
cone center  to an intersection point. 
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Figure 3.  A Fuzzycone 
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B. Fuzzycones 
The fuzzycones method finds the direction of maximum probability for the combined, measured 

vectors.  It constructs the probability function as the product of single measurement probability functions. 

The measurement r i is defined as the angle from a known axis i.  The axis azimuth and elevation are 
designated by F i  and Qi.  The probability that the measurement represents a vector on the unit sphere 
with azimuth f  and elevation q is given by: 

 ( )
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where Gi is the angle of the vector from the axis given by: 

 ( ) ( )( )qQfFfFqfG -+= -
iiii cossinsinsincoscos, 1  (6) 

s i is the standard deviation of the 
measurement uncertainty and Ni is a 
normalization constant selected so that the 
integral of Pi over the sphere is unity. 

Equation 5 represents a Gaussian distri-
bution in angle from the axis and a uniform 
distribution of rotations about the axis.  A 
fuzzycone is defined as this probability distri-
bution of points on the unit sphere represent-
ing the measured quantity.  A single 
fuzzycone is illustrated in Fig. 3. 

The probability that the solution from 
multiple measurements is at the position (f , q) 
is given by:  

 ( ) Õ=
i

iPNP qf ,  (7) 

This product is the intersection of the fuzzycones.  It must be separately normalized because the 
product of normalized functions is not necessarily normalized but the integrated probability must be 
unity. 

The most probable solution vector is found at the maximum of P.  This maximum is found 
numerically by finding the product of the probabilities for each cone.  The two difficult problems in 
generating this solution are accounting for the cones’ symmetry and normalizing the individual 
fuzzycones and their products. 

Symmetry Effect 
A problem arises from the fuzzycone being a figure of rotation of a Gaussian about an axis that is not 

the Gaussian’s center.  This difficulty is illustrated in Fig. 4 where a cross section of a fuzzycone with an 
axis at (q = 0,f  = 0) is shown in the plane with q = 0.  The fuzzycone has two maxima, symmetrically 
situated about the axis.  For a simple cone, these maxima would correspond to two points on the cone 
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Figure 5.  Intersection of Two Fuzzycones 

 
Figure 6.  Contour Plot of Intersection of Two 
Fuzzycones 
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Figure 4.  Illustration of Symmetry Effect 
Contribution to Probability 

edge at ±r .  In the fuzzycones representation 
they correspond to two probability 
distributions, P+ and P–, given by: 
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The total probability is the sum of these: 

 ( )-+ += iiii PPNP  (9) 

The Gaussian functions in Eq. 8 are 
defined for values of Gi between -¥  and +¥ .   

Additional contributions to +
iP  and -

iP  from 
values of Gi that are greater than 2p or less 
than -2p are negligible for reasonable values 
of s i and are ignored. 

Normalization 
The difficult problem of normalizing both 

the fuzzycones and their intersections was 
solved numerically by using a method of 
generating an arbitrary number of equal area 
partitions on the surface of a sphere (Ref. 4).  
A Matlab toolbox implementing the equal-
partition algorithm is available. 

The normalization constants in Eqs. 7 and 
9 can be accurately evaluated as the inverse of 
the sum of function values over a large 
number of equal-area partitions: 
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where iP
~

 and P
~

 are identical to Pi and P  in 
Eqs. 7 and 9 except that they are not 
normalized. 

A plot of a pair of fuzzycones and their 
intersection is shown in Fig. 5.  A contour plot 
showing the probability distribution is shown 
in Fig. 6.  Maxima at the two solution points 
are clearly visible.  The fuzzycones were 
generated so as to have an intersection at (0,0) 
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Figure 9.  Positions of Simulated Detectors  (red 
triangles) and Spin-axis (yellow dots) for Sun Sensor 
Simulation or Spin-axis Direction (yellow dots) for 
Spin-Stabilized Spacecraft Simulation 

and it is clear that one of the intersections centers at that position. 
The contour plot shows the asymmetry of the probability distribution.  Determining a contour 

enclosing an area with integrated probability of 0.5 can provide numerical values for the uncertainty of 
the solution and its asymmetry. 

The three-fuzzycone case is shown in Figs. 7 and 8.  In this case only a single region has significant 
probability of containing the solution.  The position of maximum probability is unambiguous. 

In Figs. 5 through 8, the relative probabilities are arbitrarily scaled to improve visualization.  In fact, 
the maxima of normalized fuzzycones and the maximum of their intersection may differ by several orders 
of magnitude.  Unscaled plots do not show the various fuzzycones and their intersection clearly. 

III.   EVALUATION METHOD 
The Polycones and Fuzzycones methods 

were evaluated using simulated spacecraft 
measurements with random errors and the 
results were compared with other methods.  
Two sets of data were generated—the first 
simulating a Sun sensor with four cosine law 
detectors and the second the sensor 
measurements on a spin stabilized spacecraft 
with four attitude sensors. 

A. Sun Sensor Simulation 
In the Sun sensor simulation the detectors 

were each 45 degrees from an axis and 
situated uniformly around this axis at 90 
degree intervals (see Fig. 9).  The Sun position 
was simulated as a uniform distribution of 
locations within 45 degrees of the central axis.  
Figure 9 shows the position of the four 

Figure 7.  Intersection of Three Fuzzycones Figure 8.  Contour Plot of the Intersection of Three 
Fuzzycones 
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Figure 10.  Error Model 

detectors and the various positions of the Sun direction on the unit sphere. 
A Monte Carlo simulation of detector measurements was performed using approximately five million 

simulated cases.  Errors were applied to the simulated angles.  Data for each case consisted of the angles 
between the simulated Sun position and the four detector normals.  The true angle between the Sun 
position and each of the four detectors was corrupted with an error  produced with the error model 
described below.  The same measurement errors were used in the evaluation of each of the methods.  
Measurement  errors are the differences between the simulated and calculated Sun positions. 

Sun Sensor Error Model 
The error model for the sensor includes a normally-distributed, zero-mean error on the angular 

measurement and a second normally-distributed, zero-mean error on the detector current.  Since the angle 
measurement is the arccosine of the normalized current, the effect of current uncertainty on the measure-
ment angle varies non-linearly with the angle.  The errors were generated with a single pseudorandom 
normal distribution of numbers, weighted with the root-sum-square of the current and angle errors, 
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where r  is the true angle between the simulated Sun position and the eye normal and where the 
uncertainties with the subscripts “0” are constants.  The resulting error distribution as a function of angle 
is shown in Fig. 10. 

The noise constants used were selected to 
provide a maximum error in the range of 5-15 
degrees.  This is the range of error that has 
been observed in spacecraft coarse Sun 
sensors, although actual cosine law detector 
error is dominated by illumination of the 
detector by the lit Earth rather than the noise 
model applied in this study. 

Although the error model used in this 
study differs significantly from true Sun 
sensor errors it allows a fair comparison of the 
behavior of different Sun vector computation 
methods using the same well defined error 
model. 

Results of this test and that using a 
simulation of a spin-stabilized spacecraft 
(below) are presented in Section IV, Table 1. 

C. Spin-stabilized Spacecraft Attitude Simulation 
A set of attitudes of a spin-stabilized spacecraft was generated with the spin axis directed toward the 

same set of points on a unit sphere as the Sun directions in Fig. 9.  Measurements from four sensors were 
simulated.  These measurements represented the angles between four reference vectors and a spin axis. 

The four reference vectors were all placed 45 degrees from the central axis of the set of spin-axis 
directions.  This limitation is arbitrary but has the effect of insuring that all four vectors can be used in 
attitude determination.   
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For each case in the Monte-Carlo simulation, the azimuth angles (around the central axis) were gen-
erated with a uniform random distribution over the range of 0 to 2p so that the angular separation of the 
reference vectors was variable.  The measurement angles between each spin axis and the four reference 
vectors were corrupted with errors having a normal distribution with standard deviations of 0.2, 1.0, 1.0, 
and 5.0 deg, respectively.  Since each of the measurements is simulated as arising from a sensor with 
specific properties, it is reasonable that the noise model have a constant s  for each sensor. 

A total of about 1.1 million cases were simulated. 

D. Methods Compared 
Three additional methods were compared to the Polycones and Fuzzycones methods.  These are: 

a. A current difference method (referred to here as the L  method and used only for the Sun sensor 
simulation) 

b. An optimal cones method 
c. a simple cones method 

These methods are described below. 
1. The L  method 

The difference in current between a pair of cosine law detectors with their normals in the same plane 
is quite nearly linear with angle over a considerable range of angles. 
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where L  is the angle of the Sun measured from the mean of the detector normals. 
This phenomenon can be used to combine pairs of measured Sun angles into vectors.  In the case of 

the four detectors modeled here, the method has been extended (for example in the flight software for the 
Aqua and Aura missions) to give the following components of the measurement vector: 
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2. The Optimum Cones Method 
The optimum cones method (represented with the subscript “cones”) consists of finding the cones 

solution for the pair of measured angles with the lowest uncertainties.  It was assumed that the correct 
cones solution could be identified. 

3. The Simple Cones Method 
The simple cones method (represented with the subscript “0”) consists of finding the cones solution 

for a random pair of measured angles.  It was assumed that the correct cones solution could be identified. 

IV.   RESULTS, DISCUSSION AND CONCLUSIONS 
The standard deviations of the solution angle errors for Polycones and Fuzzycones are presented in 

Table 1.  Results from the L  method (for the Sun sensor simulation), the optimum cones method, and the 
simple cones method are also included for comparison.  The values in Table 1 consist of the root-mean-
square error of all of the simulated cases. 
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For the Sun sensor simulation, both the Polycones and Fuzzycones algorithms provide some im-
provement over the cones methods and over the L  method.  Fuzzycones provides the greater 
improvement.  The improvements (about 25% for Fuzzycones and 17% for Polycones) are smaller than 
typical errors in cosine law Sun sensor measurements themselves.  These errors, principally due to 
illumination by the lit Earth, make the improvements due to the new algorithms negligible for such 
detectors. 

For the spinning spacecraft attitude determination simulation, Fuzzycones provides similar results to 
the optimal cones method but Polycones provides less accurate results than does the optimal cones 
method.  For an actual spacecraft, the optimum cones method is most appropriate to compare with these 
results.  Since the uncertainties of all of the sensors are known, it is reasonable to use only the most 
accurate pair, with a less accurate sensor used only to discriminate between the two cones solutions. 

The deficiency of Polycones for this case most likely arises from the weights attributed to each 
solution.  It is clear from the optimum cones results that the standard deviation of a single cones solution 
can be no smaller than the standard deviation of the less accurate measurement used to generate it (in this 
case 1.0 deg).  This result is obvious from a graphical depiction of the intersection of a cone with s  =0 
with one having a finite value for s .  Figures 11 and 12 illustrate this for cases with different correlation 
angles. 

 
The limiting case for the standard deviation of solutions with different uncertainties should be the 

larger uncertainty.  A different weighting function (perhaps the inverse of the sum of the squares of the 
uncertainties) will be tried in future work.  Use of a function of the correlation angle could also improve 
the results. 

s1 

s  @s1 

s2=0

 
Figure 11.  Intersection Between a Cone of 
ssss  > 0 and a Cone of ssss  =0 with Correlation 
Angle = 90 deg. 

s1 

s  >s1 

s2=0
 

Figure 12.  Intersection Between a Cone of 
ssss  > 0 and a Cone of ssss  =0  with Correlation 
Angle ¹¹¹¹  90 deg. 

Table 1.  Results Comparison 

RMS Angle Error (deg) 
Method 

Sun Sensor Simulation Spinning Spacecraft Simulation 

Fuzzycones 3.81 1.01 

Polycones 4.17 1.98 

L  method 4.52 N/A 

Optimum cones  4.99 1.04 

Simple cones 7.92 2.48 
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Fuzzycones has three advantages over other cones methods.   
1. There is no ambiguity in the solution.  For other cones methods, the pairs of solutions for each pair of 

measurements must be examined to determine which should be discarded.   
2. Detailed directional information about the solution uncertainty is provided.  This information is either 

absent or qualitative in other methods. 
3. Fuzzycones is independent of detector placement for the case of Sun sensor vector construction.  

Methods such as the L  method are specific to particular placement of the detectors. 
The measurements used in this study were chosen with an arbitrary set of uncertainties.  It is possible 

that for measurements that have different uncertainties, the Fuzzycones and Polycones algorithms might 
provide different results.  For a case with several sensors (or detectors) with similar uncertainties, these 
methods could provide results that are significantly better than the cones method. 

Future work on the Fuzzycones method will attempt to increase its operating speed.  It current 
requires about 0.3 seconds for each solution on an average desktop computer.  This speed would be 
satisfactory for real time processing of Sun sensor data (since Sun sensor data often is sampled once in 
about 8 seconds) but for a batch, spanning several hours, it is a little slow.  Vectorization of the code is 
difficult because it must sum over an array of partitions for each measurement or detector and for each 
case.  There has been no attempt to vectorize the current MatlabÒ code.  Before implementation in an 
operational ground system the code will be partially vectorized, improving its speed. 

Two areas are being investigated to improve the Polycones method.  An improved weighting scheme 
is being tested and an Earth light compensation algorithm for coarse Sun sensors is being developed and 
parameterized. 

With these improvements, both Polycones and Fuzzycones will become operational. 
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