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The “cones method” is an analytical algorithm to canbine a pair of separate

angle observations into a common vector. Two newgrithms have been developed

to determine optimum “cones method” solutions whermmore than two observation
angles and estimates of their measurement uncertdias are available. The

polycones algorithm consists of determining a simpl weighted average of the

solution vectors over all possible pairs of measumgents with the weights

determined from the measurement uncertainty. The Ezzycones method finds the

vector of maximum probability consistent with the neasurements and their

uncertainties. Both of these methods have been it@mented and tested by

comparison with simulations of a coarse Sun sensand attitudes determined for a
simulated spinning spacecraft. Compared to the c@s method, both algorithms

reduce angle errors somewhat for simulated Sun sems. For the simulated space-
craft, attitude determination with Fuzzycones givegesults almost identical to those

for the cones method while Polycones gives signdiatly worse results with the

current weighting method.

. Nomenclature

the

q Elevation angle of an arbitrary point on the sugfata unit sphere§/2 top/2)

f Azimuth angle of an arbitrary point on the surfat@ unit sphere (0 top}

Q Elevation angle of normal ith detector

Fi Azimuth angle of normal tdh detector

l; Normalized current detected by title detector, defined so that when the angle ttine is 0,
the detector current is 1.

ri Measured Sun angle from thth detector/i = cos'(li). The measured Sun s from the point
(a,Fi)

S; Uncertainty of a measurement from ttiedetector

P(f,q) | The probability that the Sun is at the coordingteg) based on the measurement fromithe
detector. This value is calculated usiFig d, ri, andsi

P(f,q) | The total probability that the Sun is at the cooatles (,g) based on the measurement from
all detectors.

N; Normalization factor for théh detector probability functiomi

N Normalization factor for the overall probabilityrfction, P

Gi The angle between the points,§i) and ¢,q)

G(f,q) | The angle between the normal to itiedetector £i,d) and a point{,q)

Ui, Vi | Directions of the two intersections of cones cexteat Ei,d) and ¢j,d) with angular radii of
ri andrj. Uij andVij represent points on the unit sphere

Wi Weight given the intersections of cones centerddiafi) and j,J)

S Assumed uncertainty of the intersections of theesonentered at~{,d) and §j,J) with
measurement uncertaintiessfands;j
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l. INTRODUCTION

The “cones method” is a simple technique for deit@img a vector direction based on measured
angles between a common desired vector and attleasteparate reference vectors (Ref. 1). Thesone
method is illustrated in Fig. 1. It computes theeisections of two cones with known central axaes$ a
measured angles from the central axes. In gertheak are two such intersections and the cormeeti®
determined with the use of additional data (ofte¢hiia axis and angle).

For spacecraft attitude determination and analyses,cones method is most commonly used in the
following computations:

Determining the body frame Sun direction from
measurements from two or more “cosine law” S
detectors: In this case, individual detector
measure angles between the detectors’ normals
the Sun direction in the body frame. Two or mg
such angles, from detectors with non-paral
normals, can be used to compute the Sun direc
in the body frame.

Determining the inertial frame orientation of
satellite spin axis using the angles from two
more known reference objects (Sun, stars, Ea
etc.) In this case, sensors measure the angle
tween the unknown spacecraft spin-axis and
reference objects. From the knowledge of the
rection of the reference objects in an inertiahfea
and the measured angles, the direction of the s
axis in the inertial frame can be computed.

This paper describes two methods that &
intended to find improved solutions for the desir
vector when more than two angles and axes are
available and where the uncertainties of the an
measurements are known. The Polycones methg
a quick, ad hoc method that combines individl /4
cones solutions. The Fuzzycones method comp T2
the direction of the most probable intersecti ./
vector. An example of each method was used to /v‘
the algorithms. 1

There exists some previous description of { J
error distribution of solution vectors obtainedrfro| S22 p/
the cones-method solution using cones with kno
uncertainties (Ref. 2), but there has been i f
analysis of the optimum solution if more than tw .
measurements are available. For two measurem Approxma es )
with differing uncertainties, the uncertainty of ‘uncertainty region”
solution as a function of its position on the soefa
of a unit sphere is neither simple nor isotropltiis | Figure 2. Illustration of Uncertainty Region of
uncertainty is illustrated in Fig. 2Npte: In this and | Two Intersecting Cones With Different
subsequent figures, the three-dimensional surfic{ Uncertainties

a unit sphere is represented as a two-dimensio
surface. Distortions due to this projection aren@ved from the figures. These figures are meant fo
illustrative purposes only.

~ Othe Solutior

Figure 1. lllustration of Cones Method With
Measured Anglesr; andr, About 2 Axes
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Section Il of this paper describes the two new w@sh Section Il describes the simulations used to
test them. Section IV contains the results oféh@mulations and a discussion of the significaofcine
results and conclusions.

Il. METHODS

The cones method generally produces two possiltilgiao vectors for a pair of measurements. The
two solution vectors obtained using independenteanmgasurementgi(andrj) from sensors with non-

parallel axes, are designatelf andV,, where the correct solution is designa’séjd Identifying the
correct solution requires additional informationds as a third measurementeopriori knowledge) and
is not discussed here. The cases with no solufimis-intersecting cones), one solution (tangentesp

or an infinite number of solutions (identical copalso will not be discussed here.

If n measurements are available, a totah@f1) solutions can be found: 2 for each possible. pai
When n>2, the identification of the correct solatior each pair is usually simplified because theect
solutions will be near each other, while the ineotrones will not, so the correct solutions wilifoa
cluster on the surface of the unit sphere.

The problem addressed by both polycones and funegcis determination of the optimal vector that
is consistent with more than two measurements kvitwn uncertainties. The individual measurements
(ri ) are angles from known directions (with elevati@gh and azimuthFi). Each measurement
uncertainty i) is also assumed to be known.

A. Polycones
The polycones method applies measurement uncertaitihe cones method in a simple, ad hoc way.

If the uncertainty of thé" measurement is designatedsasthe uncertainty of the solutidﬁj of the two-
cones solution is approximated as the geometrimmea

Sij =4/SiS 1)

No directional characteristics are attributed te theasurement uncertainty. Geometrica#y, is
approximately the square root of the area of thexlap region of two cones meeting perpendiculaelg.(
with correlation angleof 90 deg). This choice dfij is consistent with the simplest error expression i
Reference 3 (Eqg. 11-15 in Ref. 3), which represth@uncertainty as the radius of the circle tlzet tihe
same area as the overlap region.

The cones solutions for all pairs of angle measargsare combined as a weighted average with the
weights given by:

1 1
Wi == (2)
Sij i2]
Thus, the overall solution vector is given by:
oY
V= o> (3)

" The correlation angle is defined in Ref. 1 asdhate angle between the great circles connectiolg ea
cone center to an intersection point.
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where
V= Vi (4)
Vi

B. Fuzzycones
The fuzzycones method finds the direction of maximprobability for the combined, measured
vectors. It constructs the probability functiontlas product of single measurement probability fioms.

The measurement is defined as the angle from a known axig he axis azimuth and elevation are
designated by=i and . The probability that the measurement represanisctor on the unit sphere
with azimuth/ and elevatioris given by:

(g- ri)f
2
R(f.g)=Nie =i (5)
where@ is the angle of the vector from the axis given by:

G (f,q)=cos (cosF; sinf +sinF; sinf codQ, - q)) (6)

si is the standard deviation of th
measurement uncertainty andNi is a
normalization constant selected so that the
integral ofPi over the sphere is unity.

Equation 5 represents a Gaussian distri-
bution in angle from the axis and a uniform
distribution of rotations about the axis. A
fuzzyconeis defined as this probability distri
bution of points on the unit sphere represept-
ing the measured quantity. A single
fuzzycone is illustrated in Fig. 3.

The probability that the solution fron

multiple measurements is at the positidng)
is given by:

'S

Relative Probability

¢ (deg) 100 100 o (deg)

P(r.9)=NOR (7)

Figure 3. A Fuzzycone

This product is the intersection of the fuzzyconds.must be separately normalized because the
product of normalized functions is not necessanidymalized but the integrated probability must be
unity.

The most probable solution vector is found at thaximum of P. This maximum is found
numerically by finding the product of the probat®s for each cone. The two difficult problems in
generating this solution are accounting for the esbnsymmetry and normalizing the individual
fuzzycones and their products.

Symmetry Effect
A problem arises from the fuzzycone being a figufreotation of a Gaussian about an axis that is not
the Gaussian’s center. This difficulty is illuged in Fig. 4 where a cross section of a fuzzyowite an

axis at ¢ = 0/ =0) is shown in the plane witp = 0. The fuzzycone has two maxima, symmetrically
situated about the axis. For a simple cone, themema would correspond to two points on the cone
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edge attr. In the fuzzycones representatign

they correspond to two probability
distributions,P* andP", given by:
(G+ni P
2
P =e 25
’ (8)
(G-ri)
P|+ —e 2$i2

The total probability is the sum of these:

(9)

The Gaussian functions in Egq. 8 a
defined for values ofd between¥ and #.

Additional contributions toR* and R~ from

A= PR )

A

f=-r f:‘+l’

Figure 4. lllustration of Symmetry Effect

Contribution to Probability

values of G that are greater tharp2r less

than -2 are negligible for reasonable valu
of si and are ignored.

Normalization
The difficult problem of normalizing bot}
the fuzzycones and their intersections W
solved numerically by using a method
generating an arbitrary number of equal a
partitions on the surface of a sphere (Ref.

A Matlab toolbox implementing the equal-

partition algorithm is available.

S

as

pf

ea
4).

The normalization constants in Egs. 7 and

9 can be accurately evaluated as the invers
the sum of function values over a lar
number of equal-area partitions:

Ni =;~
R(g.7)
all partitions
1 (10)
N=————
Pg.7)
all partitions

where B and P are identical td® andP in
Egs.
normalized.

A plot of a pair of fuzzycones and the
intersection is shown in Fig. 5. A contour p
showing the probability distribution is show
in Fig. 6. Maxima at the two solution poin
are clearly visible. The fuzzycones we
generated so as to have an intersection at

e of
e

Figure 5. Intersection of Two Fuzzycones

7 and 9 except that they are not

ir
ot
n
ts

re Figure 6. Contour Plot of Intersection of Two
OvO)Fuzzycones
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and it is clear that one of the intersections asrdéthat position.

The contour plot shows the asymmetry of the prdimabdistribution.

enclosing an area with integrated probabilit
the solution and its asymmetry.

The three-fuzzycone case is shown in Figs. 7 anth8his case only a single region has significant

y & Gan provide numerical values for the uncertaofty

probability of containing the solution. The pasitiof maximum probability is unambiguous.

In Figs. 5 through 8, the relative probab

the maxima of normalized fuzzycones and the maxiroftitheir intersection may differ by several orders

ilities arbitrarily scaled to improve visualization. féct,

of magnitude. Unscaled plots do not show the w&rfozzycones and their intersection clearly.

Figure 7. Intersection of Three Fuzzycones

Figure 8. Contour Plot of the Intersection of Three
Fuzzycones

Determining a contour

II. EVALUATION METHOD

The Polycones and Fuzzycones methgds
were evaluated using simulated spacecaaft

measurements with random errors and

results were compared with other methods.

Two sets of data were generated—the fi

simulating a Sun sensor with four cosine law

detectors and the second the sen

measurements on a spin stabilized spacecfraft

with four attitude sensors.

A. Sun Sensor Simulation

In the Sun sensor simulation the detect
were each 45 degrees from an axis g
situated uniformly around this axis at 9
degree intervals (see Fig. 9). The Sun posit
was simulated as a uniform distribution
locations within 45 degrees of the central ax

Figure 9 shows the position of the fo‘rrSpin-Stabilized Spacecraft Simulation

he
'St

50r

NES
nd
0

op. " .
)fE|gure 9. Positions of Simulated Detectors (reg

- triangles) and Spin-axis (yellow dots)for Sun Sensot
ISSimulation or Spin-axis Direction (yellow dots) for
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detectors and the various positions of the Surctiime on the unit sphere.

A Monte Carlo simulation of detector measuremerds performed using approximately five million
simulated cases. Errors were applied to the siedilangles. Data for each case consisted of thiesn
between the simulated Sun position and the foueafet normals. The true angle between the Sun
position and each of the four detectors was coediptith an error produced with the error model
described below. The same measurement errors uger@ in the evaluation of each of the methods.
Measurement errors are the differences betweesintndated and calculated Sun positions.

Sun Sensor Error Model

The error model for the sensor includes a norndibyributed, zero-mean error on the angular
measurement and a second normally-distributed;me@n error on the detector current. Since théeang
measurement is the arccosine of the normalizeciyrthe effect of current uncertainty on the measu
ment angle varies non-linearly with the angle. Eners were generated with a single pseudorandom
normal distribution of numbers, weighted with tleetrsum-square of the current and angle errors,

2
dr
= —=Sj0 *Sro (11)
dl
2
10 2
= + S
sin(r) ro

where r is the true angle between the simulated Sun posiéind the eye normal and where the
uncertainties with the subscript8'“are constants. The resulting error distributaana function of angle
is shown in Fig. 10.
The noise constants used were selected to

provide a maximum error in the range of 5-15
degrees. This is the range of error that has
been observed in spacecraft coarse Sun
sensors, although actual cosine law detedtor
error is dominated by illumination of the
detector by the lit Earth rather than the noise
model applied in this study.

Although the error model used in this
study differs significantly from true Sun
sensor errors it allows a fair comparison of the
behavior of different Sun vector computatign
methods using the same well defined erfor
model.

Results of this test and that using |a

simulation of a spin-stabilized spacecraftrigyre 10. Error Model
(below) are presented in Section 1V, Table 1i

C. Spin-stabilized Spacecraft Attitude Simulation

A set of attitudes of a spin-stabilized spaceacnafs generated with the spin axis directed towaged th
same set of points on a unit sphere as the Suctidins in Fig. 9. Measurements from four sensagsew
simulated. These measurements represented thesaragiveen four reference vectors and a spin axis.

The four reference vectors were all placed 45 degfeom the central axis of the set of spin-axis
directions. This limitation is arbitrary but hdseteffect of insuring that all four vectors canused in
attitude determination.
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For each case in the Monte-Carlo simulation, thmath angles (around the central axis) were gen-
erated with a uniform random distribution over thage of 0 to @ so that the angular separation of the
reference vectors was variable. The measuremeghtsabetween each spin axis and the four reference
vectors were corrupted with errors having a nordistribution with standard deviations of 0.2, 1100,
and 5.0 deg, respectively. Since each of the nmeamnts is simulated as arising from a sensor with
specific properties, it is reasonable that theenai®del have a constasifor each sensor.

A total of about 1.1 million cases were simulated.

D. Methods Compared
Three additional methods were compared to the Bobs and Fuzzycones methods. These are:
a. A current difference method (referred to here ad.timethod and used only for the Sun sensor
simulation)
b. An optimal cones method
c. asimple cones method
These methods are described below.
1.TheL method
The difference in current between a pair of coae detectors with their normals in the same plane

is quite nearly linear with angle over a considexabhnge of angles.
L= Ii - j 12
=cos(r;) - cos(rj) (12)

wherelL is the angle of the Sun measured from the medmeadetector normals.
This phenomenon can be used to combine pairs ofumeg Sun angles into vectors. In the case of

the four detectors modeled here, the method has édended (for example in the flight software tloe
Aqua and Aura missions) to give the following coments of the measurement vector:

V, =0.5\cosrq +C0Sro5 - COS/r3 - COS/ 4
Vy =05(cosry - cosrp - COSr3 +C0Sr g4 (13)

V, =41 Vi - V)2

2.The Optimum Cones Method

The optimum cones method (represented with thecsipbs'cones”) consists of finding the cones
solution for the pair of measured angles with thwdst uncertainties. It was assumed that the corre
cones solution could be identified.

3.The Simple Cones Method
The simple cones method (represented with the spb$6”) consists of finding the cones solution
for a random pair of measured angles. It was asduhrat the correct cones solution could be idieqtif

V. RESULTS, DISCUSSION AND CONCLUSIONS

The standard deviations of the solution angle erfor Polycones and Fuzzycones are presented in
Table 1. Results from tHe method (for the Sun sensor simulation), the optmaones method, and the
simple cones method are also included for comparisthe values in Table 1 consist of the root-mean-
square error of all of the simulated cases.
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Table 1. Results Comparison

RMS Angle Error (deg)
Method : _ _ : :
Sun Sensor Simulation| Spinning Spacecraft Simulation

Fuzzycones 3.81 1.01
Polycones 417 1.98
L method 4.52 N/A

Optimum cones 4.99 1.04

Simple cones 7.92 2.48

For the Sun sensor simulation, both the Polycomes Fuzzycones algorithms provide some im-
provement over the cones methods and over Lthenethod. Fuzzycones provides the greater
improvement. The improvements (about 25% for Foamgs and 17% for Polycones) are smaller than
typical errors in cosine law Sun sensor measuresndrémselves. These errors, principally due to
illumination by the lit Earth, make the improvemermue to the new algorithms negligible for such
detectors.

For the spinning spacecraft attitude determinasiomulation, Fuzzycones provides similar results to
the optimal cones method but Polycones provides &&surate results than does the optimal cones
method. For an actual spacecraft, the optimumsomethod is most appropriate to compare with these
results. Since the uncertainties of all of thesses are known, it is reasonable to use only thetmo
accurate pair, with a less accurate sensor usgd@discriminate between the two cones solutions.

The deficiency of Polycones for this case mostlyikarises from the weights attributed to each
solution. It is clear from the optimum cones restihat the standard deviation of a single conégien
can be no smaller than the standard deviationeofabs accurate measurement used to generatahig(in
case 1.0 deg). This result is obvious from a ggbtepiction of the intersection of a cone with=0
with one having a finite value far. Figures 11 and 12 illustrate this for cases wlitferent correlation
angles.

-~
S
.
S >851
5228\\

Figure 11 Intersection Between a Cone ¢ Figure 12. Intersection Between a Cone of
s > 0 and a Cone ofs =0 with Correlation s >0 and a Cone of =0 with Correlation
Angle = 90 deg. Angle? 90 deg.

The limiting case for the standard deviation ofutiohs with different uncertainties should be the
larger uncertainty. A different weighting functigperhaps the inverse of the sum of the squardiseof
uncertainties) will be tried in future work. Uskafunction of the correlation angle could alsgrove
the results.
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Fuzzycones has three advantages over other cortbedae

1. There is no ambiguity in the solution. For othenes methods, the pairs of solutions for each gfair
measurements must be examined to determine whozhidsbe discarded.

2. Detailed directional information about the solutiamcertainty is provided. This information is eith
absent or qualitative in other methods.

3. Fuzzycones is independent of detector placementhercase of Sun sensor vector construction.
Methods such as the method are specific to particular placement ofdétectors.

The measurements used in this study were chos@érawitirbitrary set of uncertainties. It is possibl
that for measurements that have different uncdigainthe Fuzzycones and Polycones algorithms might
provide different results. For a case with severalsors (or detectors) with similar uncertaintibese
methods could provide results that are signifigabdtter than the cones method.

Future work on the Fuzzycones method will attengptincrease its operating speed. It current
requires about 0.3 seconds for each solution oavamage desktop computer. This speed would be
satisfactory for real time processing of Sun semsda (since Sun sensor data often is samplediance
about 8 seconds) but for a batch, spanning seherask, it is a little slow. Vectorization of thede is
difficult because it must sum over an array of iparts for each measurement or detector and fon eac
case. There has been no attempt to vectorizeutrent Matlaly code. Before implementation in an
operational ground system the code will be paytiadictorized, improving its speed.

Two areas are being investigated to improve thgddoles method. An improved weighting scheme
is being tested and an Earth light compensatioorihgn for coarse Sun sensors is being developdd an
parameterized.

With these improvements, both Polycones and Fuzmgswill become operational.
Acknowledgments

The author wishes to thank Joseph Sedlak for malpfui discussions and for providing an excellent
and constructive target off whom ideas could benbed. The author acknowledges the support of the
National Aeronautics and Space Administration (NASWission Operations and Missions Services
(MOMS) Contract NNGO4DAO1C, Task Order 088, undérich this work was performed.

REFERENCES

1. J. R. Wertz (ed.)Spacecraft Attitude Determination and Confr@. Reidel Publishing Co.,
Dordrecht, Holland, 1985, pp 343-370

2. ibid., pp 156-158

3. ibid., ch 11.3, pp 374-389

4. P. LeopardiA Partition Of The Unit Sphere Into Regions Of Hqu@a And Small DiameteApplied
Maths Report AMR05/18, May, 2005, submitted to Elmtic Transactions on Numerical Analysis,
URL: http://www.maths.unsw.edu.au/applied/files/2@0nr05_18.pdfcited 18, May 2005]

10
American Institute of Aeronautics and Astronautics



